Figure 0-1 The Unity Radius Normalised Impedance Smith Chart or ‘Z’ Smith Chart

The Smith Chart, invented by Phillip H. Smith (1905-1987), [1][2] is a graphical aid or
nomogram designed to assist electrical and electronics engineers working on radio
frequency (RF) engineering problems involving transmission lines. Figure 0-1 shows a
blank normalised impedance (unity radius) Smith Chart. Use of the Smith Chart has
grown steadily over the years and it is still widely used today, not only as a problem
solving aid, but as a means of readily demonstrating graphically how many RF
parameters behave at one or more frequencies, as an alternative to presenting the
information in tabular form. The Smith Chart can be used to represent many parameters
including normalised impedances, normalised admittances, complex reflection
coefficients, Snn scattering parameters, noise figure circles, constant gain contours and
regions for unconditional stability .[4][5] The Smith Chart is most frequently used within the
unity radius region. The region beyond unity radius is still mathematically significant
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where the magnitide of the reflection coefficient is greater than unity, such as may be
encountered in, for example, negative resistance oscillator design and amplifier stability
analysis. [6]
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1

Overview

The Smith Chart is constructed in the plane of the complex reflection coefficient and
may be scaled in normalised impedance (the most common, shown in Figure 0-1),
normalised admittance or both simultaneously, using different colours to distuinguish
between them. These are often known as the Z, Y and YZ Smith Charts respectively. [7]
Normalised scaling allows the Smith Chart to be used for problems involving any
characteristic impedance (Z0) or system impedance, though by far the most commonly
used is 50 Ω. With simple graphical construction for a particular frequency it is
straighforward to convert between normalised impedance (or normalised admittance)
and the corresponding complex voltage reflection coefficient.
The Smith Chart has circumferential scaling in wavelengths and degrees. The
wavelengths scale, used in distributed element problems, represents the distance
measured along the transmission line between the generator and the load. The degrees
scale represents the angle of the voltage reflection coefficient at the chosen point. The
Smith Chart may also be used for distributed element matching, lumped element
matching, circuit synthesis and analysis and problems involving both distributed and
lumped elements.
Use of the Smith Chart and the interpretation of the results obtained using it requires a
good understanding of AC circuit theory and transmission line theory. As impedances
and admittances change with frequency, problems using the Smith Chart can only be
solved manually using one frequency at a time. This is often adequate for narrow band
applications, typically up to about 5% to 10% bandwidth, but for wider bandwidths it is
usually necessary to apply Smith Chart techniques at more than one frequency across
the operating frequency band. Provided the frequencies are sufficiently close, the
resulting Smith Chart points may be joined by straight lines to create a locus of points.
A locus of points on a Smith Chart covering a range of frequencies readily provides the
following information visually:
 the capacitive and/or inductive behavoir of a load across the frequency range
 how well matched the load is at various frequencies
 how readily a component may be matched
If necessary, the system impedance may be altered to be more appropriate to the
impedance magnitudes being handled. For example, in dealing with bipolar transistors
which may have input and output impedances in the order of a few Ohms, 10 Ωmay be
a better choice of system impedance than 50 Ω. The accuracy of the Smith Chart is
reduced for problems involving a large spread of impedances or admittances, though
the scaling can be magnified for individual areas to accommodate these.

2

Real and Normalised Impedance and Admittance

A transmission line with a characteristic impedance of Z0 may alternatively be
considered to have a characteristic admittance of Y0 where
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1
Y0 
Z0
Any real impedance, Z T expressed in Ohms, may be normalised by dividing it by the
characteristic impedance, so the normalised impedance using the lower case z, suffix T
is given by

Z
zT  T
Z0
Similarly, the normalised admittance (yT) may be obtained by dividing the real
admittance (YT) by the characteristic admittance, that is

Y
yT  T
Y0
The SI unit of impedance is the Ohm (Ω) and the SI unit for admittance is the Siemen
(S). Normalised impedance and normalised admittance have no units. Real
impedances and real admittances must be normalised before using them on a Smith
Chart. The result obtained from the Smith Chart is also normalised and this must be denormalised to obtain the real result.

3

The Normalised Impedance Smith Chart (Z Smith Chart)

Using transmission line theory, if a transmission line is terminated in an impedance ZT
which differs from its characteristic impedance, reflections will be set up and a standing
wave will be formed from components of both the forward (VF) and the reflected (VR)
waves. Using complex exponential notation to represent the waves:
VF A exp(t ) exp( l )
VR B exp(t ) exp(
l)
where:

exp(t ) is the temporal (time dependent) part of the wave and

2f
where

 is the angular frequency in radians per second (rad/s)
f is the frequency in Hertz (Hz)
t is the time in seconds (s)
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A and B are constants.
l is the distance measured along the transmission line from the generator in metres (m)

j  is the propagation constant which does not have any units.
For this:

 is the attenuation constant in Nepers per metre (Np/m)

 is the phase constant in radians per metre (rad/m)
The Smith Chart is used with one frequency at a time so the temporal part of the phase
exp(t ) is fixed for all equations at this frequency. All terms are actually multiplied by
this, but it is understood that it may be omitted. Therefore
VF A exp( l )
VR B exp(l )
3.1

The Variation of Complex Reflection Coefficient with Position Along the
Line

The complex voltage reflection coefficient ρ(usually simply called ‘reflection coefficient’)
is defined as the ratio of the reflected wave to the incident (or forward) wave. Therefore

V
B exp(l )
 R 
C exp(2l )
VF A exp( 
l )
where C is also a constant.
For a uniform transmission line (in which γis constant) and terminated in ZT, the
reflection coefficient of a standing wave varies according to the position on the line. If
the line is lossy (αis non-zero) this is represented on the Smith Chart by a circle of
reducing radius or spiral path. Most Smith Chart problems are greatly simplified if it is
sufficiently accurate to assume losses to be negligible. If this is the case, αis zero. For
the loss free case therefore

0 j 
and the expression for reflection coefficient becomes

C exp(2 j l )
where C is the magnitude of the reflection coefficient which is constant and directly
proportional to the radius of the circle drawn on the Smith Chart.
The phase constant  may also be written as
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2



where  is the wavelength within the transmission line at the test frequency. Therefore

C exp

4 jl


This equation shows that, for a standing wave, the reflection coefficient and impedance
repeats every half wavelength along the line. Therefore the outer circumferential scale
of the Smith Chart, which represents distances measured along the transmission line in
wavelengths, is scaled from zero to 0.50.
3.2

The Variation of Normalised Impedance with Position Along the Line

If V and I are the voltage across and the current entering the termination at the end of
the transmission line respectively, then
VF VR V
VF VR Z0 I
By dividing these equations and substituting for both the reflection coefficient

V
 R
VF
and the normalised impedance of the termination (zT) given by

V
zT 
Z0 I
gives the result:

1 
zT 
1 
Alternatively, this may be expressed in terms of the reflection coefficient

z 1
 T
zT 1
These are the equations which are used to construct the Z Smith Chart.
Both ρand zT- are expressed in complex numbers without any units. They both change
with frequency so for any particular measurement, the frequency at which it was
performed must be stated together with the characteristic impedance.
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ρmay be defined in magnitude and angle on a polar diagram or Argand diagram. Any
real reflection coefficient must have a magnitude of less than or equal to unity so, at the
test frequency, this may be expressed by a point inside a circle of unity radius. The
Smith Chart is actually superimposed on such a polar diagram. The Smith Chart scaling
is designed in such a way that reflection coefficient can be converted to normalised
impedance or vice versa. Using the Smith Chart, the normalised impedance may be
obtained with appreciable accuracy by plotting the point representing the reflection
coefficient magnitude and angle, treating the Smith Chart as a polar diagram and then
reading its value directly using the characteristic Smith Chart scaling. This technique is
a graphical alternative to substituting the values in the equations. The reflection
coefficient may beobtained from the normalised impedance using the reverse
procedure.
By substituting the expression for how reflection coefficient changes along an
unmatched loss free transmission line,

B exp(l )
B exp( j l )


A exp(
l ) A exp( j l )
into the equation for normalised impedance in terms of reflection coefficient

1 
zT 
1 
and using Euler's identity

exp( j) cos j sin 
yields the impedance version transmission line equation for the loss free case:[ 8]

Z IN Z 0

Z L jZ0 tan( l )
Z0 jZ L tan( l )

where Z IN is the impedance 'seen' at the input of a loss free transmission line of length
l , terminated with an impedance ZL .
The normalised impedance version of the transmission line equation is therefore

z j tan(l )
zIN  L
1 jzL tan(l )
The corresponding admittance versions of the transmission line equation are

YIN Y0

YL jY0 tan(l )
Y0 jYL tan(l )

and
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y j tan(l )
y IN  L
1 jyL tan(l )
The normalised impedance transmission line equation is related to the variation of
normalised impedance around the path of a circle drawn on the Z Smith Chart with its
centre coincident with the centre of the Smith Chart. There is a similar relationship for
the normalised admittance transmission line equation and the Y Smith Chart. In both
cases the circumferential (wavelength) scaling must be used, remembering that this is
the wavelength within the transmission line and may differ from the free space
wavelength according to any dielectric that is used.
3.3

Example 1

A loss free transmission line of characteristic impedance 50 Ωis terminated with a real
impedance of 30 + j100 Ω. If the line is lengthened by 0.093 λ, what is the value of the
new termination required to ensure that the impedance seen by the generator is
unchanged?
Normalising the original impedance gives the result
1
z 
30 j100 0.60 j2.00
50

The Smith Chart in Figure 3-1shows this point plotted as P1. A circle is drawn through
this point, centred at the Smith Chart centre to represent the magnitude of the reflection
coefficient due to the termination. The actual values of reflection coefficient and the
associated normalised impedances along the line are represented by points on this
circle. The position in wavelengths at P1 is l1 = 0.180 λ. Moving through 0.093 λaway
from the generator, the position of the new termination is at l2 = 0.087 λwhich is marked
by point P2, at which z = 0.16 + j0.60. De-normalising, the real impedance (ZP2) at point
P2 is
Z P 2 Z 0 (0.16 j 0.60) 8 j 30 
Therefore the value of the new impedance required at the end of the extended line is
8+j30 Ω.
Converting the Z Smith Chart to a Y Smith Chart is achieved by moving the point P1
through exactly 180° to the point Q1 where y =0.14 - j0.46. Moving this point through
0.10 λtowards the generator moves to point Q2 where y=0.12 + j0.190. De-normalising
this value, the real admittance at Q2 is therefore
YQ 2 Y0 (0.12 j 0.190) 0.0024 j 0.0038 S
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Figure 3-1 Z Smith Chart construction for Example 1

3.4

Regions of the Z Smith Chart

If a polar diagram is mapped on to a cartesian coordinate system it is conventional to
measure the angles represented by complex numbers relative to the positive x-axis
using a counter-clockwise direction for positive angles. The magnitude of a complex
number is directly proportional to the length of a straight line drawn from the origin to
the point representing it. The Smith Chart uses the same convention for reflection
coefficients, noting that, in the normalised impedance plane, the positive x-axis extends
from the center of the Smith Chart at zT = 1 ± j0 to the point zT = ∞± j∞. Inductive
impedances have positive imaginary parts and capacitive impedances have negative
imaginary parts. Therefore the region above the x-axis represents inductive
impedances and the region below the x-axis represents capacitive impedances.
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If the termination is perfectly matched, or ZT = Z 0, the reflection coefficient will be zero,
represented effectively by a circle of zero radius or in fact a point at the centre of the
Smith Chart. If the termination was a perfect open circuit or short circuit the magnitude
of the reflection coefficient would be unity as all power would be reflected and the point
would lie actually on the unity circumference circle.
3.5

Circles of Constant Normalised Resistance and Constant Normalised
Reactance

The Z Smith Chart is composed of two families of circles: circles of constant normalised
resistance and circles of constant normalised reactance. In the complex reflection
coefficient plane the Smith Chart itself occupies the area inside a circle of unity radius
centred at the origin. This is identical to the circle of constant normalised resistance
equal to zero. In cartesian coordinates this circle would pass through the points (1,0)
and (-1,0) on the x-axis and the points (0,1) and (0,-1) on the y-axis.
Since both ρand z are complex numbers, in general they may be expressed by the
following generic rectangular complex numbers where a, b, c and d are real constants:

z a jb

c jd
Substituting these into the equation relating normalised impedance and complex
reflection coefficient:

z 1
 T
zT 1
gives the following result:
a 2 b 2 1   2b

c jd 
j 
2
2 
2
2 
(a 1) b  (a 1) b 

Equating coefficients of the real and imaginary parts gives

a 2 b 2 1
c
(a 1)2 b2
and

2b
d
(a 1)2 b2
These equations describe how the complex reflection coefficients change with the
normalised impedance and may be used to construct both families of circles.[9]
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4

The Normalised Admittance Smith Chart (Y Smith Chart)

The Y Smith chart is constructed in a similar way to the Z Smith Chart case but by
expressing values of voltage reflection coefficient in terms of normalised admittance
instead of normalised impedance. The normalised admittance yT is the reciprocal of the
normalised impedance zT, so

1
yT 
zT
Therefore:

1 
yT 
1 
and

1 yT

1 yT
The Y Smith Chart scaling pattern is similar to the normalised impedance type but with
the graphic scaling only rotated through 180°.
Capacitive admittances have positive imaginary parts and inductive admittances have
negative imaginary parts. Therefore the region above the x-axis represents capacitive
admittances and the region below the x-axis represents inductive admittances..
As with the Z Smith Chart, if the termination is perfectly matched the reflection
coefficient will be zero, represented by a 'circle' of zero radius, actually a point at the
centre of the Smith Chart. If the termination was a perfect open or short circuit the
magnitude of the voltage reflection coefficient would be unity, all power would be
reflected and the point would lie on the unity circumference circle of the Smith Chart.
4.1

Example 2

A point with a reflection coefficient magnitude 0.63 and angle 60°, represented in polar
form as 0.6360is shown as point P 1 on the Smith Chart in Figure 4-1. To plot this,
one may use the circumferential (reflection coefficient) angle scale to find the 60°
graduation and a ruler to draw a line passing through this and the centre of the Smith
Chart. The length of the line would then be scaled to P1 assuming the full Smith Chart
radius to be unity. For example, if the actual radius measured from the paper was 100
mm, the length OP1 would be 63 mm.
Table 4-1 gives some similar examples of points which are also plotted on the Z Smith
Chart in Figure 4-1. For each, the reflection coefficient is given in polar form together
with the corresponding normalised impedance in rectangular form. The conversion may
be read directly from the Smith Chart or obtained by substitution into the equation.
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Figure 4-1 The Z Smith Graphical Constructions for Example 2

Point Identity
P1 (Inductive)
P2 (Inductive)
P3 (Capacitive)

Reflection Coefficient
(Polar Form)
0.6360
0.73125 
0.44116 

Normalised Impedance
(Rectangular Form)
0.80 + j1.40
0.20 + j0.50
0.50 −j0.50

Table 4-1 Reflection Coefficient and Normalised Impedance Values for Z Smith Chart Example
shown in Figure 4-1
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5

Working with Both the Z Smith Chart and the Y Smith Charts

In RF circuit and matching problems sometimes it is more convenient to work with
admittances (comprising conductances and susceptances) and sometimes it is more
convenient to work with impedances (comprising resistances and reactances). Solving
a typical matching problem will often require several changes between both types of
Smith Chart, using normalised impedance for series elements and normalised
admittances for parallel elements. For these a dual (normalised) impedance and
admittance Smith Chart or YZ Smith Chart may be used. Alternatively, one type may be
used and the scaling converted to the other when required. In order to change from the
Z Smith Chart to the Y Smith Chart or vice versa, the point representing the value of
reflection coefficient under consideration is moved through exactly 180° at the same
radius. For example, in Figure 4-1, the point P 1 representing a reflection coefficient of
0.6360has a normalised impedance of zP1 = 0.80 + j1.40. To graphically change this
to the equivalent normalised admittance point, say Q1, a line is drawn with a ruler from
P1 through the Smith Chart centre to Q 1, an equal radius in the opposite direction. This
is equivalent to moving the point through a circular path of exactly 180°. Reading the
value from the Smith Chart for Q1, remembering that the scaling is now in normalised
admittance, gives yP = 0.30 + j0.54. Performing the calculation

1
yT 
zT
manually will confirm this.
Once a transformation from the Smith Chart Z plane to Y plane has been performed,
the scaling changes to normalised admittance until such time that a later transformation
back to normalised impedance is performed.
5.1

Example 3

Table 5-1 shows examples of normalised impedances and their equivalent normalised
admittances obtained by rotation of the point through 180°at the same magnitude
(radius). Again these may either be obtained by calculation or using the Smith Chart
shown in Figure 5-1, converting as required between the normalised impedance and
normalised admittances planes.
Normalised Impedance Plane
P1 (z = 0.80 + j1.40)
P10 (z = 0.10 + j0.22)

Normalised Admittance Plane
Q 1 (y = 0.30 −j0.54)
Q 10 (y = 1.80 −j3.90)

Table 5-1 y and z Points as Plotted on the Z Smith Chart in Figure 5-1
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Figure 5-1 Normalised Impedance Smith Chart x and y Example Points given in Table 5-1

6

Choice of Smith Chart Type and Component Type

The choice of whether to use the Z Smith Chart or the Y Smith Chart for any particular
calculation depends on which is more convenient. Impedances in series and
admittances in parallel add whilst impedances in parallel and admittances in series are
related by a reciprocal equation. If ZTS- is the equivalent impedance of series
impedances and ZTP- is the equivalent impedance of parallel impedances, then
ZTS Z1 Z 2 Z 3 

1
1
1
1
   
ZTP Z1 Z2 Z3
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For admittances the reverse is true, that is
YTP Y1 Y2 Y3 

1
1 1 1
   
YTS Y1 Y2 Y3
Dealing with the reciprocals, especially in complex numbers, is more time consuming
and error-prone than using linear addition. In general therefore, most RF engineers
work in the plane where the circuit topography supports linear addition. Table 6-1
shows the complex expressions for impedance (real and normalised) for the 3 basic
circuit elements: resistance, inductance and capacitance. Table 6-1 is a similar table for
real and normalised admittance. Knowing just the characteristic impedance (or
characteristic admittance) and the test frequency are sufficient to find the equivalent
circuit from any impedance or admittance, or vice versa.
Element Type
Resistance (R)
Inductance (L)
Capacitance (C)

Impedance (Z or z) or Reactance (X or x)
Real (Ω)
Normalised (No Unit)
Z R
R
z  RY0
Zo
Z jX L jL
jL
z jxL 
jLY 0
Z0
j
j
jY0
Z jX C 
z jxC 

C
CZ 0
C

Table 6-1 Real and Normalised Impedances for the Fundamental Circuit Elements

Element Type
Resistance (R)

Admittance (Y or y) or Susceptance (B or b)
Real (S)
Normalised (No Unit)
1
1
Z
Y G 
y g 
 0
R
RY0
R

Inductance (L)

j
y jBL 
L

Capacitance (C)

Y jBC j C

jZ 0
j
y jbL 

LY0
L
j C
y jbC 
jCZ 0
Y0

Table 6-2 Real and Normalised Admittances for the Fundamental Circuit Elements

7

Using the Smith Chart to Solve Conjugate Matching Problems
with Distributed Components

Usually distributed matching is only feasable at microwave frequencies since, for most
components operating at these frequencies, appreciable transmission line dimensions
are available in terms of wavelengths. These are also frequencies at which the
electrical behavior of many lumped components, particularly inductors, becomes rather
unpredictable.
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For distributed components the effects on reflection coefficient, and therefore
impedance, of moving along the transmission line must be allowed for using the outer
circumferential or length scale of the Smith Chart which is calibrated in wavelengths.
7.1

Example 4

This example shows how a transmission line, terminated with an arbitrary load, may be
matched at one frequency either with a series or parallel reactive component in each
case connected at a defined position.

Figure 7-1 Z Smith Chart Construction for Distributed Line Matching Problems

Supposing a loss free air-spaced transmission line of characteristic impedance 50 Ω,
operating at a frequency of 800 MHz, is terminated with a circuit comprising a 17.5 Ω
resistor in series with a 6.5 nanohenry (6.5 nH) inductor. How may the line be matched?
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From Table 6-1, the reactance of the inductor forming part of the termination at 800
MHz is
Z L jL j 2fL j 32.7 
so the impedance of the combination (ZT) is given by
ZT 17.5 j 32.7 
and the normalised impedance (zT) is

Z
zT  T 0.35 j 0.65
Z0
This is plotted on the Z Smith Chart shown in Figure 7-1 at point P20. The line OP20 is
extended through to the wavelength scale where it intersects at l1 = 0.098λ. As the
transmission line is loss free, a circle centred at the centre of the Smith Chart is drawn
through the point P20 to represent the path of the (constant) magnitude reflection
coefficient due to the termination. At point P21 the circle intersects with the unity circle of
constant normalised resistance at
zP 21 1.00 j1.52
The extension of the line OP21 intersects the wavelength scale at l2 = 0.177λ, therefore
the distance from the termination to this point on the line is given by
l2 l1 0.1770.0980.079
Since the transmission line is air-spaced, the wavelength at 800 MHz in the line is the
same as that in free space and is given by

c

f
where c is the velocity of electromagnetic radiation in free space, approximately 3108
metres per second (m/s) and f is the frequency in Hertz (Hz). The result gives λ= 375
mm, making the position of the matching component 29.6 mm from the load.
The conjugate match for the impedance at P21 (zmatch) is
zmatch j1.52
As the Smith Chart is still in the normalised impedance plane, from Table 6-1 a series
capacitor Cm is required where

j
j
zmatch j1.52 

CZ0 2fCm Z0
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Therefore
Cm 2.6

pF

To match the termination at 800 MHz therefore, a series capacitor of 2.6 pF must be
connected in series with the transmission line at a distance of 29.6 mm from the
termination.
An alternative shunt match could be calculated after transforming the Z Smith Chart to a
Y Smith Chart. Point Q20 is the equivalent of P 20 but expressed as a normalised
admittance. Reading from the Y Smith Chart scaling, remembering that this is now a
normalised admittance gives
y Q20 0.65 j 1.20

In fact this value is not actually used directly. The extension of the line OQ20 through to
the wavelength scale gives l3 = 0.152λ. The earliest point at which a shunt conjugate
match could be introduced,moving towards the generator, would be at Q21, the same
position as the previous P21, but this time representing a normalised admittance given
by
y Q21 1.00 j1.52

The distance along the transmission line is in this case
l2 l3 0.1771.1520.329
which, with λ= 375 mm, converts to 123 mm.
In this case the conjugate matching component is required to have a normalised
admittance (ymatch) of
y match j1.52
From Table 6-2 it can be seen that a negative admittance (real or normalised) would
require to be an inductor, connected in parallel with the transmission line. If its value is
Lm , then

j
jZ0
j1.52 

LmY0 2fLm
This gives the result
Lm 6.5 nH
A suitable inductive shunt match would therefore be a 6.5 nH inductor connected in
parallel with the line positioned at 123 mm from the load.
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8

Using the Smith Chart to Analyse Lumped Element Circuits

The analysis of lumped element components assumes that the wavelength at the
frequency of operation is much greater than the dimensions of the components
themselves. The Smith Chart may be used to analyse such circuits in which case the
movements around the chart are generated by the (normalised) impedances and
admittances of the components at the frequency of operation. In this type of analysis
the wavelength scaling on the Smith Chart circumference is not used. The circuit shown
in Figure 8-1 will be analysed using a Smith Chart at an operating frequency of 100
MHz. At this frequency the free space wavelength is 3 m. The component and
interconnection dimensions themselves will be in the order of millimetres so the
assumption of lumped components will be valid. Despite there being no transmission
line as such, a system impedance must still be defined to enable normalisation and denormalisation calculations. In theory this could be any value but Z 0 = 50Ωif at all
possible is strongly recommended since this value is so widely adopted in test
equipment and data sheets. If the impedances involved at the operating frequency differ
very substantially from 50 Ω, it might be helpful to define a value of Z0 closer to those
values to avoid dealing with points close to the Smith Chart circumference. For example
Z0 = 10 Ωmight be a better choice for bipolar transistors which tend to have
impedances of just a few Ohms. The circuit in Figure 8-1 has a 50 Ωresistor so Z 0 will
be taken as 50 Ωin this case.

Figure 8-1 Lumped Element Circuit Used for Smith Chart Analysis at 100 MHz shown in Figure 8-2
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Figure 8-2 Z Smith Chart Construction for the Lumped Element Circuit Shown in Figure 8-1

The Smith Chart shown in Figure 8-2 is used for the analysis of the circuit shown in
Figure 8-1. Points with suffix P are in the Z plane and points with suffix Q are in the Y
plane. The analysis starts with a Z Smith Chart looking into R1 only, with no other
components present. As R1 = 50 Ωis the same as the system impedance, the
magnitude of the reflection coefficient at this point is zero represented by a point at the
centre of the Smith Chart. The first transformation is OP1 is along the line of constant
normalised resistance which, in this case, is the addition of a normalised impedance of j0.80. From Table 6-1, this is equivalent to a series capacitor of 40 pF. Transformations
P1 to Q1 and P3 to Q3 are from the Z Smith Chart to the Y Smith Chart and
transformation Q2 to P2 is the reverse. Table 8-1 shows all transformations with the
associated formulas, the final of which brings the reflection coefficient magnitude back
to zero at the centre of the Smith Chart and a perfect 50 Ωmatch. The network would
therefore be closely matched to 50 Ωat 100 MHz.
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Trans
Plane
formation
O→P1
Z

x or y
C or L
Normalised
Value
-j0.80
C
(Series)

Q1→Q 2

Y

-j1.49

L (Shunt)

P2 →P3

Z

-j0.23

C
(Series)

Q3→O

Y

+j1.14

C (Shunt)

Formula to Solve

Result

j
jY0
j 0.80 

C1 Z 0 C1
jZ 0
j
j1.49 

L1Y0
L1
j
jY0
j 0.23 

C2 Z 0 C2
jC3
j1.14 
j C3 Y0
Y0

C1 = 40 pF
L1 = 53 nH
C2 = 138 pF
C3 = 36 pF

Table 8-1 Summary of Transformations Shown in Figure 8-2
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Using the Smith Chart to Design ‘L’ Matching Sections

A simple and very versatile means of matching one impedance to another can be
achieved by using an ‘L’ section circuit comprising either of the configurations of
capacitors and/or inductors shown in Figure 9-1. [10] With good quality (high Q factor)
components typically suitable up to a few hundred megahertz the loss of the matching
network should be minimal. In each case the match will be effective over a relatively
small bandwidth.
Provided that the impedance magnitudes being matched do not differ too greatly the
result of the matching network design using Smith Charts should define realistic values
of capacitance and inductance. In general it is easier to match using capacitors as they
are more readily available than inductors, cheaper and their performance is more
predictable over frequency. Capacitors also generally have higher Q-factors and have
more stable values over frequency.
Any impedance may be matched to another at one frequency using at least 2 of the
matching networks shown in Figure 9-1. This is demonstrated with the following
example.
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Figure 9-1 The Possible Alternative ‘L’ Section Matching Networks

9.1

Example 5

Show how an impedance of 10 +j10 Ωmay be matched to 50 Ωwith 2 different ‘L’
section matching networks at an operating frequency of 500 MHz.
Using a system impedance (Z0 ) of 50 Ω, if ZT is the real termination, then
ZT 10 j10 
The positive reactive part implies an inductance L where
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j10 jL j2fL
which gives

L 3.2 nH
and the normalised impedance zT is given by

Z
zT  T 0.2 j 0.2
Z0
This is represented by the point P1 plotted on the Z Smith Chart shown in Figure 9-2.
An additional circle has been added to Figure 9-2 which maps precisely to the unity
constant normalised conductance (or unity constant normalised resistance) circle in the
alternate Smith Chart plane. In the absence of a YZ Smith Chart, this is a useful
reference as any point on this cirlcle will map directly to the corresponding circle in the
other plane when undergoing a Z to Y or Y to Z Smith Chart transformation. Any point
on either of these circles can be conjugately matched with just one reactive component.
Starting with the Z Smith Chart, P1 may be mapped to O via either of the following
routes:
 P1 to P2 (arc); P2 to Q1 (Z to Y) and Q1 to O (arc)
 P1 to P3 (arc); P3 to Q2 (Z to Y) and Q2 to O (arc)
The analyses of both cases are shown in Table 9-1, using the formulas given in Table
6-1 and Table 6-2.
TransPlane
formation

x or y
C or L
Normalised
Value
+j0.21
L
(Series)

P1 →P2

Z

Q1→O

Y

+j1.95

C
(Shunt)

P1 →P3

Z

-j0.61

C
(Series)

Q2→O

Y

-j1.95

L
(Shunt)

Formula to Solve

Result

jL j 2fL
j 0.21 

Z0
Z0
jC
j1.95 
j 2fCZ 0
Y0
j
j
j 0.61 

CZ 0 2fCZ 0
j
jZ 0
j1.95 

LY0 2fL

L1 = 3.3 nH
C1 = 12.4 pF
C2 = 10.4 pF
L2 = 8.2 nH

Table 9-1 Analyses of the Smith Chart Example 5 Shown in Figure 9-2
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Figure 9-2 Smith Chart Construction for ‘L’ Section Matching (Example 5)

The two alternative matching circuits derived from the results shown in Table 9-1 are
shown in Figure 9-3.

Figure 9-3 The Circuits Resulting from Example 5
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